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Abstract. We reproduce the N = 4 supersymmetric mechanics on curved spaces, constructed
earlier within the Hamiltonian formalism, using the superfield methods. We show that for
any such mechanics, given by the metric and the third order Codazzi tensor, it is possible to
construct a suitable modification of irreducibility conditions of linear N = 4 multiplets and
obtain the superfield Lagrangian by solving a simple differential equation. Also, we prove that
the constructed irreducibility conditions are consistent if and only if the metric and Codazzi
tensor satisfy the modification of the WDVV equations, which are the conditions of existence
of N = 4 supersymmetry.
Introduction
In a few recent papers we studied the N = 4 supersymmetric mechanics of a few linear multiplets
with curved target spaces within the Hamiltonian formalism [1], [2]. In such systems a pair
of a physical bosonic coordinate and its conjugate momenta
(
xi, pi
)
is accompanied by four
fermionic variables
(
ψia, ψ¯ia =
(
ψia
)
†
)
, i = 1, . . . , N , a = 1, 2. As the Dirac brackets between
these variables, without loss of generality, can be chosen as{
xi, pj
}
= δij ,
{
ψia, ψ¯
j
b
}
= igijδab ,{
pi, ψ
ja
}
= Γjikψ
ka,
{
pi, ψ¯
j
a
}
= Γjikψ¯
k
a,
{
pi, pj
}
= −2iRijklψckψ¯lc, (1)
most general U(1) covariant supercharges, which involve terms up to cubic ones in the fermions,
Qa = piψ
ai + iF(ij)kψ
ciψjc ψ¯
ak + iG[ij]kψ
aiψcjψ¯kc , Qa =
(
Qa
)†
, (2)
form the N = 4, d = 1 super-Poincare´ algebra{
Qa, Qb
}
= 2iHδab ,
{
Qa, Qb
}
=
{
Qa, Qb
}
= 0 (3)
if Gijk = 0 and the following equations hold:
Fijk = F(ijk), ∇iFjkl −∇jFikl = 0 and FikpgpqFjlq − FilpgpqFjkq +Rijkl = 0. (4)
Here, Γkij and Rijkl = gimR
m
jkl are the Levi-Civita connection and the Riemann tensor of the
metric gij , respectively,
Γkij =
1
2
gkl
(
∂igjl + ∂jgil − ∂lgij
)
, Rijkl = ∂kΓ
i
jl − ∂lΓijk + ΓikpΓpjl − ΓilpΓpjk. (5)
In the specific case of gij = δij , the first two equations imply Fijk = ∂i∂j∂kF and the last one
reduces to the well-known WDVV equation [3],[4]. The WDVV equation in the context of the
N = 4 supersymmetric mechanics first appeared in [5] and was noted in [6] in the case of flat
target spaces. In [1], the system (4) was called “curved WDVV equations”. Note that the first
two equations (4) qualify Fijk as the so called third order Codazzi tensor [7].
If equations (4) hold, the Hamiltonian can be written as
H = gijpipj − 4
[∇iFjkm +Rijkm]ψaiψ¯ja ψbkψ¯mb , (6)
with gij clearly appearing as the metric of the target space. A number of systems with different
metrics were constructed, such as the isotropic metric gij = f
−2
(∑
k(x
k)2
)
δij [1]. Extensions
of this system, which involve two types of potentials (with and without the harmonic variables)
[2] and SU(2|1) supersymmetry [8] were also studied.
Let us note, however, that the systems of N = 4 linear multiplets on curved target spaces
were already studied in [9], [10] using the superfield method. In [9], the conclusion was reached
that the admissible metrics are the second derivatives of the prepotential gij = ∂i∂jG (which in
[9] was called the “real Ka¨hler metric”), while Fijk =
1
2∂i∂j∂kG (these gij and Fijk provide one
set of particular solutions of equations (4)). The choice of potentials was also limited. At the
same time, the curved WDVV equations are meant to be solved w.r.t. Fijk and thus provide no
obvious constraint on the metric. Moreover, they were solved on the spaces the metrics of which
do not satisfy gij = ∂i∂jG. However, the definition of real Ka¨hler metrics is not coordinate
independent, and it is difficult to show for any given metric whether it can be presented in
this particular form in some system of coordinates or not. These results naturally raise the
question whether the two results are really contradicting and, if so, what superfield techniques
are required to reproduce the systems, which are possible to construct within the Hamiltonian
formalism.
In this paper, we show that for all mechanics given by the solutions of the curved WDVV
equations, it is possible to provide a superfield Lagrangian, together with semitrivial deformation
of the linear multiplet constraints, which reproduce these mechanics exactly. Moreover, as any of
the superfield mechanics provide a solution to the curved WDVV equations, this establishes the
two-way equivalence between these formalisms. As a side result of this short proof, we propose
the covariant definition of the real Ka¨hler spaces. To simplify our construction, we consider
only standard potentials and do not make an attempt to introduce the potentials induced by
the harmonic variables [11], [12].
1. New irreducibility conditions
The standard N = 4 linear multiplets are defined by the relations
DaDax
i = 0, DaD
a
xi = 0,
[
Da,Da
]
xi = 8ni. (7)
(It is actually optional to add constants to the right-hand sides of all three relations without
making the irreducibility conditions inconsistent and without putting them on-shell). However,
if one uses these conditions to find the component form of the most general possible bosonic
action, the resulting metric would inevitably be a second derivative [9]:
S = −
∫
dtd4θG(xi) = − 1
16
∫
dtDaDaDbD
b
G(xi) =
=
∫
dt∂i∂jG(x
k)
(1
4
x˙ix˙j − ninj
)
+ fermions, (8)
where xi = xi|θ→0 and the auxiliary field was removed by its algebraic equation of motion. The
expression for the metric can obviously be changed by passing to another coordinate system.
The same change of coordinates xi = xi(x′j) can also be applied not just to the first components
but also to the superfields xi = xi(x′j). In this case, the irreducibility conditions would be
deformed:
∂xi
∂x′k
DaDax
′k +
∂2xi
∂x′j∂x′k
Dax′jDax
′k = 0, xi = xi(x′j). (9)
One may, therefore, follow [13] and propose more general irreducibility conditions
DaDax
i + f ijkD
axjDax
k = 0,
DaD
a
xi + f ijkDax
jD
a
xk = 0, (10)[
Da,Da
]
xi + 2hijkD
axjDax
k + 8W i = 0.
If we assume that these relations are covariant with respect to the transformations xi = xi(x′j),
then W i should transform as a vector, while f ijk and h
i
jk should exhibit the properties of the
connections. Indeed, as
DaDax
i =
∂xi
∂x′i
′
DaDax
′i
′
+
∂2xi
∂x′j
′
∂x′k
′
Dax′
j′
Dax
′k
′
,
f ijkD
axjDax
k = f ijk
∂xj
∂x′j
′
∂xk
∂x′k
′
Dax′
j′
Dax
′k
′
, (11)
the first condition is covariant if
DaDax
i + f ijkD
axjDax
k =
∂xi
∂x′i
′
(
DaDax
′i
′
+ f ′
i′
j′k′D
ax′
j′
Dax
′k
′)⇒
f ′
i′
j′k′ =
∂x′
i′
∂xi
∂xj
∂x′j
′
∂xk
∂x′k
′
f ijk +
∂x′
i′
∂xi
∂2xi
∂x′j
′
∂x′k
′
. (12)
As
[
Da,Da
]
xi =
∂xi
∂x′i
′
[
Da,Da
]
x′
i′
+ 2
∂2xi
∂x′j
′
∂x′k
′
Dax′
j′
Dax
′k
′
, (13)
the third condition is also covariant if
h′
i′
j′k′ =
∂x′
i′
∂xi
∂xj
∂x′j
′
∂xk
∂x′k
′
hijk +
∂x′
i′
∂xi
∂2xi
∂x′j
′
∂x′k
′
, W i =
∂xi
∂x′i
′
W
′i′ . (14)
It is worth noting, however, that the objects f ijk, h
i
jk, W
i that enter the irreducibility
conditions are themselves constrained. For example, one may act by Da on the first of the
conditions and use the property of the covariant derivatives DaDbDb = 0:(
∂mf
i
jk+ f
i
mpf
p
jk
)
DaxmDbxj Dbx
k = 0 ⇒ ∂mf ijk−∂jf ikm+ f impfpjk− f ijpfpmk = Rikmj [f ] = 0. (15)
The connection f ijk is therefore flat. Conditions on h
i
jk and W
i can also be obtained. Let us act
by Da on the third constraint (10). At first, we obtain
Da
[
Db,Db
]
xi + 2∂mh
i
jkDax
mDbxj Dbx
k −
−hijkDcDcxj Daxk − 2hijkDbxjDaDbxk + 8∂jW iDaxj = 0. (16)
To simplify this relation, we note that
Da
[
Db,Db
]
xi = −DaDbDbxi, (17)
hijkD
bxj DaDbx
k = −hijkDbxj DaDbxk +
1
2
hijkDax
j
[
Db,Db
]
xk.
Using this together with basic constraints (10), we obtain
2
(
∂mh
i
jk − ∂kf ijm + hipmhpjk − hipkfpjm
)
Dax
mDbxjDbx
k +
+2
(
hijk − f ijk
)
Dbxj DaDbx
k + 8
(
∂iW
j + hijkW
k
)
Dax
j = 0. (18)
This formula immediately implies that hijk = f
i
jk. Then the first line vanishes due to (15), and
finally we get a constraint on the vector W i
∂iW
j + f ijkW
k = 0. (19)
One may note that the proposed modification of the constraints is trivial as, if f ijk is a connection
with zero curvature, it can be put zero by some choice of basic fields xi = xi(x′j). However,
these modified constraints appear to be useful later.
2. The modified metric
If one repeats the calculation of the action (8) with the new defining constraints (10), the result
would be just
S = −
∫
dtd4θG(xi) =
∫
dtgij
(1
4
x˙ix˙j −W iW j
)
+ fermions, gij = ∂i∂jG− fkij∂kG. (20)
It can be shown that it is just the definition of the metric that can be used to establish the
relation between the superfield formalism and the curved WDVV equations. Let us use the idea
of [13] and calculate the derivative of this metric:
∂mgij = ∂i∂j∂mG− gkmfkij − ∂lG
(
∂mf
l
ij + f
l
kmf
k
ij
)
, (21)
where we used the definition of the metric once again to express ∂i∂jG in terms of gij. Now
antisymmetrizing this relation with respect to j,m and using the zero-curvature condition (15),
one may obtain
fkimgjk − fkijgkm = ∂mgij − ∂igjm. (22)
If one now defines the object Fijk by the relation f
k
ij = Γ
k
ij + g
kmFijm, where Fijk is symmetric
with respect to the first pair of indices, then equation (22) would imply just
− Fijm + Fjmi = 0, (23)
making Fijk completely symmetric. After substitution of f
k
ij = F
k
ij + Γ
k
ij into the flatness
condition (15) one may find the equation
∇kF ijm −∇mF ijk +Rijkm + F ipkF pjm − F ipmF pjk = 0, (24)
that, after lowering the index i, splits into two, symmetric and antisymmetric in i, j. They
resemble (4):
∇kFijm −∇mFijk = 0, Rijkm + FikpF pjm − FimpF pjk = 0. (25)
The equation for potential also follows after the substitution of fkij = F
k
ij + Γ
k
ij in (19) and
lowering one index:
∇iWj + FijkgkmWm = 0. (26)
It additionally implies, as Fijk is symmetric and ∇iWj − ∇jWi = 0, that Wi = ∂iW . The
potential, therefore, is related to the scalar function in the usual way. As a result, the
Hamiltonian and the supercharges, derivable from the complete component action, should have
the same form as ones obtained with the use of the purely Hamiltonian formalism.
Let us note that this reasoning can be reversed. If one manages to find some third order
symmetric tensor Fijk, which satisfies the curved WDVV equations (4) on space with some
prescribed metric gij, then the object f
k
ij = Γ
k
ij + g
kmFijm constructed from them will have zero
curvature
Rijkm[f ] = ∇kF ijm −∇mF ijk +Rijkm + F ipkF pjm − F ipmF pjk = 0. (27)
Then one may extend it to the superfield f ijk and use it to define the constraints on the superfields
xi and, by solving the equation gij = ∂i∂jG − fkij∂kG, find the superfield Lagrangian that
reproduces the action for this system.
3. The complete action and the Hamiltonian
One may evaluate the integral (20) taking into account all the fermions. It can be expressed in
terms of components
xi = xi|θ→0, ψai = − i
2
Daxi|θ→0, ψ¯ia = −
i
2
Dax
i|θ→0,
Ai(ab) =
[
D(a,D
b)]
xi|θ→0 + 2
(
Γipq − F ipq
)
D(axpD
b)
xq|θ→0. (28)
Using these components, the action can be written as S =
∫
dtL, where
L = 1
4
gij x˙
ix˙j − igij
(
ψ˙iaψ¯ja − ψia ˙¯ψja
)− gijW iW j − 1
32
gijA
i(ab)A
j
(ab) +
+i
(
gipΓ
p
jk − gjpΓpik
)
x˙kψaiψ¯ja − 4∇iWj ψaiψ¯ja + 4
[∇iFjkm +Rijkm]ψaiψ¯ja ψbkψ¯mb .(29)
With the definition of auxiliary field (28), its equation of motion is just Ai(ab) = 0.
The Hamiltonian for the Lagrangian (29) can also be found. Let us define the momenta and
the canonical Poisson brackets
p˜i =
∂L
∂xi
,
{
p˜i, x
j
}
P
= δji ,
(
pψ
)
ai
=
∂L
∂ψ˙ia
= −igijψ¯ja,
(
pψ¯
)a
i
=
∂L
∂ ˙¯ψai
= −igijψja. (30)
As the fermionic momenta are expressed in terms of the fermions themselves, the system is
constrained. If the fermions obey the standard brackets
{
ψia,
(
pψ
)
jb
}
P
= δab δ
i
j ,
{
ψ¯ia,
(
pψ¯
)b
j
}
P
=
δbaδ
i
j , the bracket of the constraints remains nontrivial and could not be treated as the third
constraint:
Cia =
(
pψ
)
ia
+ igijψ¯
j
a ≈ 0, Cai =
(
pψ¯
)a
i
+ igijψ
ja ≈ 0, and {Cia, Cbj}P = 2igijδba. (31)
The constraints, therefore, are those of the second class and the new Dirac brackets respecting
them have to be defined. They can be calculated with the help of the formula
{
f, g
}
=
{
f, g
}
P
− {f,CA}P (O−1)AB{CB , g}P , OAB = {CA, CB}P . (32)
The brackets between the basic variables are
{
ψia, ψ¯
j
b
}
=
i
2
gijδab ,
{
p˜i, ψ
ja
}
= −1
2
gjm∂igmpψ
pa,
{
p˜i, ψ¯
j
a
}
= −1
2
gjm∂igmpψ¯
p
a,{
p˜i, p˜j
}
=
i
2
gkm
(
∂igmp ∂jgkq − ∂jgmp ∂igkq
)
ψapψ¯qa. (33)
They are not of expected geometric form. However, one may define new momenta that produce
right brackets
pi = −p˜i + i
(
gpnΓ
n
iq − gqnΓnip
)
ψcp ψ¯qc. (34)
Then the previously postulated brackets can be recovered:{
xi, pj
}
= δij ,
{
ψia, ψ¯
j
b
}
= i2g
ijδab ,{
pi, ψ
ja
}
= Γjikψ
ka,
{
pi, ψ¯
j
a
}
= Γjikψ¯
k
a,
{
pi, pj
}
= −2iRijkmψck ψ¯mc . (35)
The Hamiltonian obtained is exactly the expected one:
H = gijpipj + g
ijWiWj + 4∇iWj ψciψ¯jc − 4
[∇iFjkm +Rijkm]ψaiψ¯ja ψbkψ¯mb . (36)
Therefore, to find the superfield version of the action of the system for the known curved WDVV
solution Fijk,Wm on the space with the metric gij , it is just required to solve the equation for
the scalar G
∇i∇jG− Fijkgkm∇mG = gij . (37)
Extended to the superfield, this G would become a superfield Lagrangian that exactly reproduces
the mechanical system given by the gij and Fijk which, in turn, solve the curved WDVV
equations.
For completeness, let us show that the supercharges that can be obtained using the superfield
methods coincide with ones found in the Hamiltonian formalism [2]. One may generate
supersymmetry transformations of the components with the help of the formula
δQf = −1
2
(
ǫaD
a + ǫ¯aDa
)
f |θ→0, (38)
where after the calculation the equations of motion for the auxiliary fields and the definition of
the momenta should be taken into account. These transformation laws for the components xi
and ψia read
δQx
i = −i(ǫaψia + ǫ¯aψ¯ia), (39)
δQψ
ia =
i
2
ǫa
(
Γijk + g
imFjkm
)
ψjcψkc −
1
2
ǫ¯agijpj +
i
2
ǫ¯agijWj −
−iǫ¯bΓijkψjaψ¯kb − iǫ¯bgimFjkmψjbψ¯ak.
These transformations can also be reproduced via another formula involving the Dirac brackets
δQf = i
{
ǫbQ
b + ǫ¯bQb, f
}
, (40)
if the supercharges Qa, Qb read
Qa = piψ
ia + iWiψ
ia + iFijkψ
ciψjc ψ¯
ka, Qa = piψ¯
i
a − iWiψ¯ia + iFijkψ¯icψ¯cjψka , (41)
as expected.
Let us provide the superfield Lagrangian for the mechanics on the spheres as an example of
the construction above. Let us take the curved WDVV solution [2] that exists on the spheres of
any dimension,
Fijk =
−4ρ2xixjxk(
1− ρr2)(1 + ρr2)3 −
2ρ
(
xiδjk + x
jδik + x
kδij
)
(
1 + ρr2
)3 + ∂i∂j∂k
(∑N
m=1
(
xm)2 log xm
)
2
(
1 + ρr2
)2 , (42)
while the metric of the spheres reads
gij =
δij(
1 + ρr2
)2 , r2 =∑
i
(
xi
)2
, i = 1 . . . N. (43)
By solving equation (37) directly with Fijk (42) and the metric (43) taken into account, one can
obtain, after replacing component xi with the superfield xi,
GSN =
∑
i
((
xi
)2
log xi
)
2
(
1 + ρr2
)2 − 14ρ ArcTanh
(
ρr2
)− r2
2
log
(
1− ρr2)(
1 + ρr2
)2 . (44)
Interestingly, one can obtain a similar expression not only by solving the differential equation
(37) but by dimensional reduction from the sum of N + 1 usual one-particle mechanics, as was
proposed by Sergey Krivonos. Indeed, if uA satisfy the conditions
DaDau
A = 0, DaD
a
uA = 0,
[
Da,Da
]
uA = 0, A = 1 . . . N + 1, (45)
then the sum of the actions of the conformal mechanics [14] becomes the sum of usual mechanics
after the substitution uA =
(
qA
)2
:
S = − 1
16
∑
A
∫
dtd4θuA log uA =
1
16
∫
dt
∑
A
(
q˙Aq˙A + fermions
)
. (46)
Neglecting the fermions, one performs the reduction by enforcing
∑
A
(
qA
)2
= ρ−1. This
constraint can be solved by
qi =
2xi
1 + ρr2
, qN+1 =
1√
ρ
1− ρr2
1 + ρr2
. (47)
Substituting this into (46) without the fermions, one can obtain the bosonic action on the sphere
SN :
S ≈ 1
4
∫
dt
∑
i
(
x˙i)2(
1 + ρr2
)2 . (48)
It should be noted, however, that the reduction
∑
A
(
qA
)2
=
∑
A u
A = ρ−1 is compatible with
the constraints (45) and therefore, preserves the supersymmetry. Substituting
ui =
4
(
xi
)2(
1 + ρr2
)2 , uN+1 = 1ρ
(
1− ρr2)2(
1 + ρr2
)2 (49)
into the action (46) and the constraints (45), one can obtain both the superfield Lagrangian (44)
and the properly modified irreducibility conditions.
4. Comments
• The real Ka¨hler spaces were defined in [9] as spaces with the metric which is the second
derivative of some prepotential, seemingly by analogy with the well-known property of the
usual complex Ka¨hler spaces. However, in contrast to the complex case, this definition is
not a covariant one and is difficult to use in the study of the properties of such spaces.
Taking into account the results of the previous sections, it would be natural to use the
curved WDVV equations to define such space. Indeed, let us call the “real Ka¨hler space”
the Riemannian space equipped, together with the metric gij , with the third order Codazzi
tensor Fijk that additionally satisfies the property
Fikpg
pqFjlq − FilpgpqFjkq +Rijkl = 0. (50)
The symmetry property Fijk = F(ijk) and the relation ∇iFjkl −∇jFikl = 0 just define the
third order Codazzi tensor.
One may actually show from this definition that gij becomes ∂i∂jG in some coordinate
system. Indeed, as was noted before, the connection fkij = Γ
k
ij + g
kmFijm has zero
Riemannian curvature (27) as a consequence of the curved WDVV equations. Therefore,
one may choose such a system of coordinates x′(x) that fkij = 0. In this system,
g′k′m′Γ
′m′
i′j′ = −F ′i′j′k′ , and therefore, also ∂k′g′i′j′ are symmetric in i′, j′, k′ and g′i′j′ = ∂i′∂j′G.
Let us also note that the fact that it is possible to represent the curved WDVV equations
as the zero curvature condition was already noted in [1].
• Let us also note that if gij is part of some solution of the curved WDVV equations, the
aforementioned result guarantees that the condition imposed on the superfield Lagrangian,
∇i∂jG− Fijkgkm∂mG = gij ⇔ ∂i∂jG− fkij∂kG = gij , (51)
is always possible to satisfy. Indeed, it is enough to show that it possible to solve equations
(51) in a particular system of coordinates. But this condition becomes trivial to solve in
the system of coordinates where fkij = 0, because in this system also gij = ∂i∂jG˜.
• It can be noted that for any given fkij and, consequently, any solution of the curved WDVV
equations, it is possible to use not only a particular G that satisfies equation (37), but an
arbitrary Ĝ. This, certainly, would produce a set of different systems. However, they could
be described by the curved WDVV equations, too, as in the system of coordinates, where
fkij = 0, they would become systems with the metric gˆij = ∂i∂jĜ, F̂ijk =
1
2∂i∂j∂kĜ, which
are known to solve the curved WDVV equations. Though it is likely possible to use this
idea to relate the solutions of the curved WDVV equations with each other, it does not
generate a new class of solutions, and we do not consider it further in this paper.
• There exists another type of manifolds, called the Frobenius manifolds, used by Dubrovin
[15] to geometrize the WDVV equations. There exists some similarities between them: the
Frobenius manifold is equipped with the metric and with the symmetric 3-tensor cABC
that is also the Codazzi tensor. There are a lot of dissimilarities, however. The metric
of the Frobenius manifold is by definition flat, which makes the definition of the Codazzi
tensor on it trivial. Also, the Frobenius manifold is equipped with two vector fields. One
is covariantly constant and is used to relate the metric to the one of the components of
the cABC equivalent to gAB = c1AB . The second, called the Euler vector field, is used
to define the quasihomogeneity of the solutions of the equation. Both such fields are
absent in the proposed definition of the real Ka¨hler manifold. Additionally, the coefficients
cABC = g
ADcDBC are used to define the Frobenius algebras on the manifold, and the WDVV
equation appears as an associativity condition on these algebras. At the same time, the
real Ka¨hler spaces are not associated with any algebras, and the equation underlying them
is nonhomogeneous.
Conclusion
In this paper, we elaborated the simple method that allows to construct the superfield action
for any supersymmetric mechanics given by a solution of the curved WDVV equations. This
method involves a semitrivial modification of the multiplet constraints by the flat connection,
which is composed of the Levi-Civita connection on the manifold and the third order Codazzi
tensor. Also, to reproduce a given system, it is required to solve the differential equation, which
the superfield Lagrangian satisfies. As a side effect of this result, it is proven that the metric of
the manifold, on which the curved WDVV equations can be solved, can be represented as the
second derivative of a prepotential in some distinguished system of coordinates. This, at the
same time, provides a guarantee that the condition on the superfield Lagrangian can be solved,
proves the complete equivalence of the Hamiltonian and the superfield methods of construction
of systems of many linear multiplets, and allows us to propose the covariant definition of the
real Ka¨hler manifolds. Also, it was found that the curved WDVV equations naturally appear
in the superfield formalism as conditions of consistency of the modified constraints.
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